Introduction
This paper investigates relationships between symmetric connections, the existence of parallel metrics and the structure of the underlying manifold. More specifically we are interested in determining when a given affine connection possesses, locally, an associated parallel metric. Furthermore, if a parallel global Riemannian metric exists to what extent is it unique and does non-uniqueness place any conditions on the topology and geometry of the underlying manifold?
When a symmetric connection is a Levi-Civita connection is a question often asked by the novice student of differential geometry. This has implications beyond mere speculative curiosity as for instance in theories of quantum gravity where the connection is seen as being more fundamental than the metric [8] . First we describe a computational method that determines when a connection on a vector bundle W admits locally, a parallel vector field. This is achieved by means of the second fundamental 1-form, which acts linearly on the fibers of a bundle. It is used to define a derived flag of subbundles which terminates in the subbundle generated by all local parallel sections of W . For the particular case where W is the bundle of symmetric bilinear forms acting on the tangent space of a manifold M the method determines whether the connection on M is locally a metric connection or not. This generalizes in the local case the two-dimensional result obtained in [1] to manifolds of any dimension.
In the final section we look at the implications of the existence of α independent parallel Riemannian metrics with respect to a given symmetric connection on a manifold M. It is proven that generically M must be a Cartesian product of α Riemannian manifolds. This result follows from the decomposition theorem of de Rham [11] . Lastly, we provide an example demonstrating that this product manifold structure does not hold generally.
The similar problem of determining the metric from the Ricci curvature has been studied by DeTurk [2] , [3] , [4] and [5] , and from the curvature in general relativity by Hall [6] and Hall and McIntosh [7] . The non-uniqueness of the metric in Lorentzian manifolds has been investigated by Martin and Thompson [10] .
When is a connection a metric connection?
We first asnwer the more general question of when a connection on a vector bundle admits locally, a parallel vector field.
Let W → M be a vector bundle, V → M a subbundle and let
be a connection on W where A n (W ) denotes the space of sections M →
where π : W → W/V denotes the natural projection acting fiberwise. For any function f ∈ C ∞ (M) and vector field X ∈ A 0 (V ) we have α(f X) = f α(X).
Thus, there corresponds to α a map
acting linearly on each fibre of the bundle. α V is called the second fundamental
Denote by W , the maximal flat subbundle of W . W may be obtained as
where R denotes the curvature tensor of ∇. This gives a sequence
In order to extract information from W we need some concept of regularity.
Accordingly, we say that the connection ∇ is regular at m ∈ M if there exists a local basis of vector fields of W in some neighbourhood of m in M.
Proposition 1 Let ∇ be regular at m ∈ M. In a neighbourhood U of m, W | U is the subbundle generated by all parallel sections of W | U .
Proof:
Let ∇X = 0, where X is defined in a neighbourhood of m. Clearly, X(m) ∈ W .
Therefore W contains the bundle generated by the local parallel sections of
We now show that every element ξ in W m may be extended to a local parallel section of W . Let (X 1 , ..., X λ ) be a local moving frame for W (λ is possibly zero) and extend it to a local moving frame X := (X 1 , ..., X λ , ..., X n ) for W . Let ω = ω i j denote the connection form of ∇ with respect to X :
where φ is a λ × λ matrix of 1-forms. The curvature form Ω = Ω i j of ∇ with respect to X is
Therefore there exists a λ × λ matrix of functions A = A i j (x) defined in a neighbourhood U of m such that dA = −φA and A(m) = I λ×λ , the λ × λ 
Decomposability of the Manifold
Suppose M is a Riemannian manifold with Levi-Civita connection ∇. The set of parallel Riemannian metrics on M is a manifold, which we denote by G, whose dimension gives the number of independent parallel metrics on M. It is the purpose of this section to investigate the structure of G.
We shall find it convenient to represent a metric in terms of contravariant
For Riemannian manifolds (M 1 , g 1 ) and (M 2 , g 2 ) we may form the product
Therefore, in the case of product manifolds, dim G > 1. We shall show that with generic connections and under suitable restrictions on the topology of M, all Riemannian manifolds with dim G > 1 are necessarily of this form: that is, a product of Riemannian manifolds.
We define a connection ∇ on an n-dimensional manifold M to be generic at a point m ∈ M if there exist tangent vectors ξ 1 , ξ 2 ∈ T m M such that the linear transformation
has n distinct (complex) eigenvalues. A connection is generic if it is generic at every point m ∈ M.
Lemma 3 Let ∇ be a generic Riemannian connection with Riemann curvature tensor R(, ). Let
be the distinct eigenvectors of R(ξ 1 , ξ 2 ) at m ∈ M where X n , the zero eigenvector, is included if n is odd and ξ i are tangent vectors at m which enforce the genericity condition. Then X 1 , ..., X n−1 , (X n ) is an orthogonal basis at m for any Riemannian metric parallel with respect to ∇.
Proof:
Since there exists at least one parallel Riemannian metric we can choose an orthonormal basis Y 1 , ..., Y n at m for which R(ξ 1 , ξ 2 ) is represented as a skewsymmetric matrix. Hence the eigenvalues λ i are purely imaginary with eigenvectors Z 2j−1 = X 2j−1 + iX 2j for λ 2j−1 and Z 2j = Z 2j−1 = X 2j−1 − iX 2j for λ 2j = −λ 2j−1 , 1 ≤ j ≤ k, except for λ n = 0 when n is odd, with associated eigenvector Z n = X n . Choose local coordinates such that ξ 1 = ∂/∂x 1 and
block diagonal with 2 × 2 blocks down the main diagonal and a single 1 × 1 block if n is odd. With respect to the X i basis, g is diagonal.
Q.E.D
Henceforth we shall let ∇ be a generic symmetric connection on M with parallel Riemannian metric h. Thus for m ∈ M there exists a neighbourhood U of m and vector fields ξ 1 , ξ 2 on U such that
has n distinct eigenvalues for each u ∈ U. Let
be a moving frame of eigenvectors for R(ξ 1 , ξ 2 ) on U, where each X j is a vector field on T U. By virtue of Lemma 3, each parallel Riemannian metric restricted
j denote the connection form of ∇ in the (X 1 , ..., X n ) frame. The following lemma indicates the amount of variation allowed among parallel metrics.
Lemma 4 If
<, > 1 = n i=1 g i X i ⊗ X i and <, > 2 = n i=1 k i X i ⊗ X i are
two arbitrary Riemannian metrics, parallel with respect to ∇ on U then there exist
constants c i ∈ R + such that g i = c i k i , for all 1 ≤ i ≤ n.
Proof:
Using the assumption that <, > 1 and <, > 2 are parallel with respect to ∇, a direct calculation shows that θ
The lemma follows.
Q.E.D
Next we show how this observation can be made stronger. Let (Y 1 , ..., Y n ), where Y i = f i X i for some functions f i : U → R, be a local frame on U orthonormal with respect to h; that is,
exist in light of Lemma 3. Let ω = ω i j denote the connection form of ∇ with respect to the frame (Y 1 , ..., Y n ). Define R(U) to be the equivalence relation on {1, ..., n} generated by the relations {(i, j) | ω i j (u) = 0 for some u ∈ U}. Thus iR(U)j for i = j if and only if there exists a sequence i = i 1 , ..., i k = j in {1, ..., n} and u i 1 , ...,
Define tensor fields h i (U) on T U by
Lemma 5 g is a Riemannian metric on U parallel with respect to ∇ if and only if
for some constants a i (U) ∈ R + .
Proof:
Let g be a Riemannian metric parallel with respect to ∇. Then by Lemma 4,  g is of the form 
Q.E.D
An important corollary to this lemma is the observation that given h, the set of tensors {h 1 (U), ..., h β(U ) (U)} is well-defined on U, i.e. the h i (U) are defined independently of the choice of ξ 1 and ξ 2 , the eigenvector fields X 1 , ..., X n and a fortiori the orthonormal frame Y 1 , ..., Y n .
We now turn to the problem of how to piece together these local parallel metrics into a globally defined one. This is done by means of an appropriately defined equivalence relation. Let Q ′ i (U) be the smooth distribution on U spanned by the vector fields {Y j : j ∈ P i (U)}, for each i ∈ 1, ..., β(u). We then have a natural decomposition of the tangent space
Define I = {(i, U) : U is a chart on M and 1 ≤ i ≤ β(U)} and let ∼ be the equivalence on I generated by the relations
where "0" means the zero distribution. These relations are required in order to join the Q ′ i distributions together in a smooth way. The equivalence partitions I into α blocks denoted
The Q a are well-defined. In fact, let V be another chart having nonzero intersection with U. The equivalence relation R(U ∩ V ) on {1, ..., n} is finer than both R(U) and R(V ). That is, the set {1, ..., β(U ∩ V )} partitions into U(1), ..., U(β(U)) as well as into V (1), ..., V (β(V )) in such a way that restricted
, and similarly
Similarly, Q a (V ) ⊆ Q a (U) and hence the two distributions on U ∩ V are equal.
It follows that we have a natural smooth decomposition of the tangent bundle
Lemma 6
We have the following.
(1) g(Q a , Q b ) ≡ 0 when a = b, for all parallel metrics g, and (2) each Q a is involutive.
Proof:
(1) follows from the fact that g(Y k , Y l ) = 0 when k = l, for all parallel metrics g.
(2) Q a is generated on U by all Y j such that j ∈ P i (U) for (i, U) ∈ I a . Consider j ∈ P i (U) and k ∈ P l (U) with (i, U) and (l, U) in I a . We have
Lemma 7 g is a parallel metric on M if and only if it can be written as
Since ∇h a = 0 for all 1 ≤ a ≤ α any g = α a=1 c a h a , where c a ∈ R + , is parallel on M.
To demonstrate the converse, suppose that g is a parallel Riemannian metric
for some i and j. Then there exists p ∈ U(i) ∩ V (j). On U ∩ V , g may be expressed as
By the definition of the equivalence ∼ it follows that
Therefore, g = α a=1 c a h a for positive constants c a .
Q.E.D
Denote by ρ a : M a → M the maximal connected integral manifold of Q a in M, and let
Moreover, the metric h on V is the direct product of the metrics g a in V a .
Proof:
See Kobayashi and Nomizu, Proposition 5.2, Chp. IV, Vol. I, [9] . Q.E.D Let τ = x t , 0 ≤ t ≤ 1 be a curve in M, with x t 0 = m 0 and x t 1 = m 1 . We denote parallel translation along τ by
Lemma 9
The subbundles Q a of T M are invariant with respect to parallel translation by the connection ∇.
Proof:
be a neighbourhood of m as given by Lemma 8. Choose any t 1 > 0 such that x t lies in V for all 0 ≤ t ≤ t 1 . We denote by x b t the projection of the curve τ into V b , for 0 ≤ t ≤ t 1 . Since h on V is the direct product of the metrics g a on V a , 1 ≤ a ≤ α, parallel translation of a vector X ∈ Q b (m) = T m M b along τ from 0 to t 1 corresponds to parallel translation along x b t . Consequently, τ
. That is, parallel translation along τ restricted to V preserves Q b . The lemma now follows from the observation that we may cover the image of τ by finitely many neighbourhoods of the form given by the previous lemma.
Q.E.D
We now arrive at the following conclusion. g 1 ) , ..., (M α , g α ) such that
This decomposition is unique up to order. Furthermore, a metric g on M is parallel with respect to ∇ if and only if it is of the form:
where c a ∈ R + and π a is the natural projection π a :
Proof:
The isomorphism M ∼ = M 1 × · · · × M α follows from Lemma 9 and the decomposition theorem of de Rham [9] and [11] . Since h a = π * a (g a ) it follows from Lemma 7 that a parallel metric has the form given in the theorem. The uniqueness of the decomposition is a consequence of the form of the parallel metrics on M.
Q.E.D
Lastly we show that the genericity condition is required for Theroem 10.
Consider the Euclidean plane; the flat connection clearly is not generic. The parallel Riemannian metrics are of the form g = adx ⊗ dx + b(dx ⊗ dy + dy ⊗ dx) + cdy ⊗ dy for a > 0 and ac − b 2 > 0. Owing to the dimension of the plane it cannot be decomposed as a product of dim G = 3 Riemannian manifolds.
